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Abstract. We describe along the guidelines of Kohn [TT], the constant £ s which is 
needed to control the commutator of a totally real vector field Tg with d* in order to 
have H s a-priori estimates for the Bergman projection Bk, k > q — 1, on a smooth q- 
pseudoconvex domain D cc C™. This statement, not explicit in [11], yields regularity 
results for Bk in specific Sobolev degree s. Next, we refine the pseudodifferential calculus 
at the boundary in order to relate, for a defining function r of D, the operators (T + )~2 
and (— r) 3 . We are thus able to extend to general degree fc > of B^, the conclusion of 
[TTj which only holds for q = 1 and fc = 0: if for the Diederich-Fornaess index S of D, we 
have (1 - 5)i < £ s , then B/, is -ff s -regular. 
MSC: 32F10, 32F20, 32N15, 32T25 

1. Introduction 

The regularity of the Bergman projection over forms of degree k > 0, as well as 
of the Neumann operator N*. for k > 1 on a pseudoconvex domain D cc C n , has a long 
history. The first approach by Boas and Straube [2], [3] consists in requiring, for any e, 
the existence of a totally real vector field T e , \T e \ ~ 1, such that 

(1.1) {dr,[d- Zt ,T e ]} <e, i = l,...,n, 

bD 

where r is a defining function with |<9r| = 1. This is referred to as "good vector fields" 
condition. In other terms, we are requiring that all the coefficients of the T e components of 
[<9*,T e ] are small (modulo "good" terms); cf. [H] Proposition 5.26. This can be weakened 
to a "multiplier" condition for [d*,T t ]. Thus, the regularity of B^, k > and A^, k > 1, 
is in fact related to the existence, for any e, of a totally real vector field T e , with \T e \ ~ 1, 
such that 

(1.2) ||[a*,T e ]M|| 2 <egi(w,w)+c e |H|, 

where Qi(u,u) = \\Bu\\l + \\B*u\\1. Indeed, in (11.11) and (11.21) one can make the weaker 
assumtion that T e is "approximately tangential" , that is, \T e r\ < e; we refer for this point 
to the remarks after Theorem 5.22 of [H]. We deform the defining function r to r e = g e r 

and, accordingly, we deform the vector field T = 21m 5-r% to T. = 2lm^4^4%. The 

condition of approximate tangentiality turns into 1 1 m | < e. These two deformations are 
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related by [d* ,T 9e ] ~ (ddr e i_ dr e )T 9t modulo an error whose restriction to bD belongs to 
T^-^bD © r 0,1 C n |b£); hence, the existence of r e such that 

(1.3) |<9<9r e l <9r e | < eQ + CeA' 1 , 

for |<9r e | ~ 1, implies ( 11 .2p . (Here A is the standard elliptic operator of order 1.) This is 
indeed the assumption under which Straube proves in [T3] iP-regularity for any s. In 
particular, this condition is fulfilled when there is a smooth defining function r such that 
ddr\ bD > 0; in this case one takes, for any e, r e = r in (ll.3p and T e = T in ( ll.2p respectively 
(cf. the proof of Theorem 12 .41 below). Note that, historically, the conclusion was obtained, 
instead, through the "good vector fields" condition. However how this follows from the fact 
that there exists r which is plurisubharmonic on bD is not immediate (Remark !2.6l below). 
In any case, (11. ip calls into play a full family {T e } and the way of getting T e from the initial 
T is involved. In [11] , Kohn has given a quantitative result on regularity: he has specified, 
for given s, and by allowing a full flexibility in the choice of g, not necessarily g ~ 1, 
which is the constant £ St9 which is needed in (ll.2p or (ll.3p for ff s -regularity. This is not 
explicitly stated, but is entirely contained in [TTJ which, in turn, goes back to [3J. If this is 
separated from the body of the paper, as we do in Theorem 12. 3\ and under an additional 
assumption of uniformity under exhaustion, it gives iP-estimates; this separation only 
requires minor modifications and yields a conclusion which naturally extends to forms of 
any degree k > q on g-pseudo convex domains. 

It has been proved by Diederich-Fornaess in |4j that every domain possesses an index 
5 with < 5 < 1 such that -(-r$) 5 is plurisubharmonic. Again, r$ is in the form r$ = g$r 
for some g$. On the other hand, it has been proved by Barret [I] that given a Sobolev 
index s \ 0, one can find a domain D in which fails iP-regularity; according to [1], 
for these domains, one has 5 \ 0. So the relation between the index of regularity s and 
the Diederich-Fornaess index 5 is an attractive problem. Indeed, what is explicitly stated 
by Kohn and is by far the most interesting content of [11] , is the way of obtaining £ S}9 
out of 5. This is described through the estimate of the Levi form 

(-rsfz\dd(-(-rs) s )Ldr s \ < (l-S^Q^s. 

(For an operator Op, such as Op= (~rs) s , we define Qop by Qop( u ,u) = |0p<9-u| 2 + 
|0p9*M| 2 .) In this estimate, one enjois the presence of the factor (1-8)2 . When (l-5)z < 
£ s , g , one expects s-regularity by what has been said above, but this is not given for free 
because one encounters the unpleasant factor (-rg) 1 ■ It is well known that (-rg)^ ~ (T + )~a 
when the action is restricted to harmonic functions. For this reason, Kohn can prove 
regularity for the projection B on 0-forms, since this factorizes through the projection 
over harmonic functions. The main task of the present paper is to develop an accurate 
pseudodifferential calculus at the boundary which relates the action of (-r^a and (T + )~a 
over general functions by describing the error terms by means of A. In this way, when 



THE DIEDERICH-FORNAESS INDEX AND THE GLOBAL REGULARITY... 3 

(1 - 5)2 < £ sg , we get iP-regularity of in general degree k > (resp. k > q - 1) on a 
pseudoconvex (resp. g-pseudoconvex) domain. 

Recent contribution to regularity of the Bergman projection by the method of the 
"multiplier" is given by Straube in the already mentioned paper [13] and Herbig-McNeal 
[6]; a combination of the "multiplier" and "potential" method (inspired to the "(P)- 
Property" by Catlin) is developed by Khanh [7\ and Harrington [5]. 

Acknowledgements. We are grateful to Emil Straube for important advice. 

2. Weak s-compactness and IP-regularity 

Let D be a bounded smooth domain of C n defined by r < for dr + 0. We modify 
the defining function as gr for g e C°° and use the notation r g or r 9 for gr. We use the 
lower scripts % and j to denote derivative in d Zi and d Sj respectively and work with various 
vector fields such as 

(2-1) ^ = VW> L J 'IV T g = -i{N g -N g ). 

The L^'s are complex-tangential; T g is the complementary real-tangential vector field. We 
consider an orthonormal basis u>i, ...,u n of antiholomorphic 1-forms and general forms u 

of degree k, that is, expressions of type u - Yl u j&j where J = ji < ■■■jk are ordered 

\J\=k 

multiindices and uij = Q\ A ... A u^. We use the notations 

S = Span{I/|, d gj , for j = 1, ...,n}, Q a (u,u) = \\du\\l + \\d*uf%. 
We have (cf. pj p. 83) for u e C°°(D), 

(2.2) l^ls-i < Qs-i(u, u) + \\u\\ s \\u\\ s -i foranyS'eS. 
Since S ® CT g = C ® TO\ then 022]) implies 

(2.3) ||«||2< Q s _i(w,it)+ ||T 9 %|| 2 + |[-w|| s ||'Li|| s _ 1 . 

With the notation 9- := - „ rgi2 E; r 9 -,r?, we define 

Qg«= E' Yiji^UiK -Ofu jK ) + error, 

(2.4) J I*!"*" 1 V ' 

©> = E Y.j^UjK + enoi. 

\K\=k-l 

We have the crucial commutation relation between T g and the Euclidean derivatives ( [11] 
Lemma 3.33) 

(2.5) [d,.,T g ] = 9 j T g modulo S. 
This implies 

(2.6) [d,T s ]=e g T s modulo S. 
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As for the commutation of the adjoint 8*, we need a modification of T g which preserves 
the condition of membership to D§*. To this end, we define T g by 

(2- 7 ) (TgU) jK = TgU jK + 3 E[ T S' r i ^iK- 

Thus u € Dq* implies T g u e D^. Note that T g differs from T g by a 0-order operator. With 
these preliminaries, (12. 5 p yields 

(2.8) [d*,f g ] = e* g f g modulo S. 

Definition 2.1. Let s be a positive integer and let 1 < q < n - 1. We say that T g well 
commutes with d* in degree > q when 

(2.9) |0*-u| 2 < £ Stg Q(u, u) + Cgjufti, for any u of degree > g, 

and for £ s>g < c\e~ 2c2S diam2 D inf f^rj or, alternatively, for £ S)9 < c 2g- 2c 2 sdiam -Dsup(i+7j]-)^ 
where C\ is a small constant and c<i is controlled by the C 2 norm of r g . 

We introduce the notion of g-pseudoconvexity of D; this consists in the requirement 

that, for the ordered eigenvalues Ai < A2 < ... < A n _i of the Levi form ddr\g r ±, we have 
<? 

Y, Aj > 0. The basic estimates show that the complex Laplacian □ is invertible over k- 
i=i 

forms for k > q. We denote by N/~ the inverse; we also denote by : L 2,fc -> L 2 ' k n ker d 
the Bergman projection. Recall Kohn's formula Bk = Id - dl +1 Nk+idk- We say that B^ 
is regular, resp. s-exactly regular, when it preserves C 00 , respectively H s , the s-Sobolev 
space. 

Remark 2.2. Assume that for any s there is r g with \dr g \ ~ 1, that is |<jr| ~ 1, such that 
\®g~u\ < Cl e~ c 2 sdiam D ; then there is exact s-regularity for any s. 

We recall from [2] that s-exact regularity of is equivalent to s-exact of the triplet 
Bk-i, Bk, Bk+\. 

Theorem 2.3. Let D be q-peudoconvex and assume that for some g, Tg well commutes 
with d* in degree > q. Assume also that this property of good commutation holds, with a 
uniform constant £ s>g , for a strongly q-pseudoconvex exhaustion of D. Then for any form 
f e H s we have that Bkf e H s and 

(2.10) ||5 fc /|| s <c||/|| s , foranyk>q-\. 

The proof is intimately related to [3]. Formally, it follows the lines of [TT] but also 
contains ideas taken from [7]. 

Proof. We first assume that we already know that Bk is regular for any k > q - 1 and prove 
(12.1 Op for a constant c which only depends on (12. 9p . In other terms, we show that (I2.10p 
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holds for c if we knew from the beginning that it holds for some d » c. We reason by 
induction. An n form is at bD ; thus N n "gains two derivatives" by elliptic regularity 
of □ in the interior and hence -B n -i is regular. We assume now that B k is s-regular and 
prove that the same is true for B k _i. We use the notation / for the test form in our proof; 
the notation u, which occurs in (12.91) . will be reserved to dN k f. It suffices to estimate 
\\TgBk-if\\ since, by (12. 3p . this controls the full norm ||jBjfc_i/|| a . We have 

I|t 9 s zwii 2 = i/. •/;;/) - (T s g B k ^f,T s g d*N k B.f) 

= (T'B^f^f) - (T s g *T s g dB k ^f,N k df) 

(2-11) (a) (ft) 

-([B,TI*TI]B h - X f,N h df). 
» ' 

(c) 

Now, (a) < sc\\T g B k -if\\ 2 + lc\\T g f\\ 2 , whereas (b) = 0. The term which comes with small 
constant can be absorbed because we know a-priori that ||2^5fe_i/|| < oo. As for the last 
term, we replace T g by T g modulo an operator of order s - 1, that we regard as an error 
term, describe the commutator in the left of (c) by Q g according to (12.61) . switch it to the 
right as 9* and end up with 

(2 12) \(c)\ < | (2sB g f^B k _ 1 f^N k df) | + error 

< sc\\T s g B k ^ff + lcs\\QlT s g N k dff + error. 

The error includes terms in (s - l)-norm and terms in which derivatives belonging to S 
occur (cf. (12.21) ). We use the hypothesis (12.81) under the choice £ s>g < c\c^ 2c2S diam2£) sup 

and get, with the notation u - N k df 



|e:T>| 2 <sup— -|e;r^| 2 



i 

1 



(2.13) < £ SQ sup— -Q(T s u,T s u) + error 

< S 8t9 sup (Q f . (u, u) + I [8, f s ]u\\ 2 + I [8% f s ]u\\ 2 ) + error. 

(In case £ St9 < c 2 e ~ 2c 2 sdiam D 0-+sup-^) wg no t to replace T g by T s and, instead, use 
the estimate 

~ - W\ 

(2.14) |[T S , d]v\ < c 2 supfl + tt)\T„v\ modulo Sv for S e S, 

\g\ 

and similarly for d replaced by d*; the proof will proceed similarly as below.) 
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Now, 



Next, 

We now observe that 
(2.15) 



Q fs (u,u) < ||T s /|| 2 +||T s J B fc _ 1 /|| 2 + error. 
P,T s ]m| 2 < c 2 s 2 \\T s N k df\\ 2 + error. 

N k 3 = B k N k 3(Id-B k _ 1 ) 

= B k e-VN ktVt de**(Jd-B h -x), 



where N k>(ps is the <9-Neumann operator weighted by e~^ a = e~ C2S ^l 2 . Since is an 

operator of degree s with coefficients controlled by sc 2 for c 2 ~ |M|c 2 ; then N k ^ a 3 is 
continuous in H^ s with a continuity constant that we can assume to be unitary. We use 
that C2S 2 e - 2c 2f dmm 2 d < j n f e -2c 2 s\z\ 2 (j QT different c 2 ) in order to remove weights from the 

norms. We also use the inductive assumption that (12.101) holds for B k . In this way, we 
end up with 

(2 lg) £ s , 9 sup^c 25 2 \\T s dN k f\\ 2 < c 2 (\\T s f\\ 2 + W^B^ff) + error 

<c 2 (||rf/|| 2 + ||T^_ 1 /|| 2 ) + error, 



where the last inequality follows trivially from the fact that T g = -T for \ » 1. Here, £, 



takes care of sup pjj and also of the constant which arises from removing weights owing 
to £ S) g < c 2 e _2sC2diam2D sup j^p. Altogether, up to absorbable terms, \\TgB k _xf\\ 2 has been 
estimated by /c||T 9 s /|| 2 + error. This concludes the proof of Theorem 12.31 if we are able to 
remove the assumption that we already know that ( 12.101) holds for some d » c. For this, 
we recall that we are assuming that there is a strongly g-pseudoconvex exhaustion D p / D 
which satisfies (I2.9P uniformly with respect to p. We observe that (I2.10p holds over D p 
for d = d p . What has been proved above shows that it holds in fact with c independent of 
p. Passing to the limit over p we get (12.101) for D. 

□ 

Theorem 2.4. (Boas-Straube [3]^ If there is a defining function r such that for the eigen- 

<? 

values p\ < ... < p n of the full Levi form ddr (not restricted to dr 1 ) we have T,^j ^ ; 

i=i 

then, B k is exactly H s -regular for any s and any k > q - 1. 

Proof. The proof consists in proving that ( 12.91) holds for any e and uniformly over an 
exhaustion of D. More precisely, we will show that for any e, for G* independent of e 
(associated to a normalized defining function r), and for suitable c e , we have 

(2.17) |9*w| 2 < eQ(u, u) + c e |||w|||_i for u in degree k > q; 
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moreover, we will prove that ( 12.17ft holds for a strongly q-pseudoconvex exhaustion. (Here, 
the triplet ||| • ||| denotes the tangential norm (cf. [10J).) 

(a) We begin by noticing that ddr + 0(|r|)ld > over fc-forms for k > q. We can then 
apply Cauchy-Schwartz inequality and get 

(2.18) (r i3 ){u,dr)<(r i3 )(u,u)% + 0(\r\*)\u\. 

(b) The Levi form is a "|-subelliptic multiplier" (cf. [10J), that is 

(2.19) \\\{(ri])(u,u)y\\\\<Q(u,u). 
This can be proved from the basic estimate 



J^(r i - j )(Tu,u)dV < Q(u,u), 



(2.21) 



by using the microlocalization T + and its decomposition T + = (T + )a(T + )2 *. (Here dV is 
the element of volume.) Also, by Sobolev interpolation, we have 

\\(r fj )(u,u)^\ 2 <e\\(r i - j )(u,u)s\\ 2 1 +q e |u|! 1 
(2.20) 2 

< eQ(u, u) + c e |-u| 2 1 , 

where c e ~ e _1 |[r[|c2. Finally, we estimate the norm of the last term in (I2.18p . We have 

||(-r)M 2 <e||CH|§+||(l-Ce« 

<eHlo + 1(1 -Qu\\ 2 <eQ(u,u) + ||(1 - Qu\\ 2 , 

where Ce is a cut-off outside of the e-strip such that \( e \ < -(with £ e = 1 at bD). Moreover, 
we have 

(2-22) ||(1 - CHIo < e 3 ||(l - Qu\\i + c e |(l - Ce)«||!i, 

and, 

e 3 ||(l-C>|| 2 < e 3 Qo((l-CK(l-C)w) 

(0 

<e 3 Q (u,u) + e 3 \\( e u\\l 

< e 3 Q (u,u) + e 3 e~ 2 |w|o 

< 2eQ (u,u), 
(«) 

where (i) is Garding inequality applied to (1 - Ce)u\bD = and (ii) follows from applying 
the basic estimate to ||m||q. Putting together (I2.18p - (l2.23p . we get (12.171) . 
(c) We consider the exhaustion of D by the domains D p defined by r p < for r p = r+pe A \ z \ 2 ; 
by a suitable choice of A, these domains are strongly g-pseudoconvex. We remark that 



(2.23) 
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ddr p > -| r llc 2 l r pl Id ^ — c|r p | Id over k forms for k > q. By Cauchy-Schwarz inequality we 

get 

(2.24) (r^)(it, dr) < (r^)(u,u) 2 +c\r p \^\u\ for u of degree k > q. 

The Levi form (r^) is a ^-subelliptic multiplier (uniformly over p) and can be estimated 

as in (b) as well as the term with 0(|r p |5). Altogether, for fixed e for any p < p € and for 
0* associated to the definng function r p , we have got 

(2.25) \\%u\ 2 <eQ Dp {u,u) + c^WuW 
uniformly with respect to p. Passing to the limit over p, yields (12.171) . 

□ 

Theorem 2.5. Let D be q-pseudoccmvex and assume that for any e there is \g t \ ~ 1 such 
that 

(2.26) l©^^)! ^ e \ u \ 2 071 bD for u in degree k > q. 
Then is exactly H s -regular for any s and any k > q - 1. 
Proof. (12.261) readily implies 

(2.27) l|0g e ^| 2 < e IM| 2 + lbe r llc 2 ||(l - Ce)w|| 2 for u in degree k>q. 

By plugging (I2.26P with the basic estimate \\u\\ 2 < Q(u,u) and the Garding inequality 
l&r He 2 1 (1 - C) M I 2 < £Q(v>, u) + Ce|w|£i, we get 

(2.28) \Q* g u\ 2 <tQ{u,u) + c e \u\ 2 _ 1 for u e Dq* of degree k > q. 

This would give the if ^-regularity of if we were able to prove the stability of (12.261) 
under a strongly g-pseudoconvex exhaustion. For this, we fix e Q and g €o r and approximate 
D by Dp defined by g €o r + pe A ^ 2 ; for suitable fixed A, these are strongly ^-pseudo convex 
for any p. Also, if we rewrite g 6o r + pe A \ z ^ = g totP r p for a normalized equation r p of D p , we 
have 

9e a ,p ^ g<L i 

r D -> r. 

H c 2 

Hence 

9* o p (u) -> 0* o (u) uniformly over u. 

We then apply Theorem 12.31 to each Q p and by uniformity of the estimate with respect to 
p we get that B k f belongs to H s and satisfies (12.101) . 

□ 
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Remark 2.6. We can give an alternative proof of Theorem 12.31 which uses Theorem 12.51 
First, according to the lemma in [3J, the existence of a plurisubharmonic defining function 
r implies the vector fields condition (11.11) . (If r is only g-plurisubharmonic, (II .ip must be 
adpted by considering, similarly as in (12.261) . the action over forms u of degree k > q.) If 
we knew that the good vector fields T e are of type T 9t = -i(N 9e - N 9e ), then, by (12. 8p we 
would get (12.261) and reach the conclusion from Theorem 12.51 In the general case, by [H] 
Proposition 5.26, the condition of good vector fields implies (12.261) . (In that proposition, 
it is proved a generalization of (12. 8p . For any tangential vector field T t , not necessarily 
defined by (12.11) . if we denote by g e its (N - A)-component, we have [9*,T e ]|&£> = 0*Jf,£>T e 
modulo elliptic multipliers (r and dr) and ^-subelliptic multipliers (ddr).) 

Remark 2.7. We point out that in [13J, Straube proves that ("12. 28[) suffices for exact ir- 
regularity for any s. This requires heavy work since, differently from (12.261) . (I2.28P is not 
tranferred from Q to fl p . 

3. Pseudo-differential calculus at the boundary 

There is an important theory about the equivalence between (-r) CT and microlocal 
powers T~ a over harmonic functions; we need to develop this theory and allow the action 
over general functions controlling errors coming from the Laplacian. In this discussion, we 
do not modify r to r g and T nor T g . Also, we still write T but mean in fact its positive 
microlocalization T + which represents over v + the full elliptic standard operator A; for this 
reason, negative and fractionl powers of T make sense. We denote by U a neighborhood 
ofbD, 

Lemma 3.1. We have 
(3.1) ^ 

I (-r) 2 r^T^v || < /c|| (-r) 2t)||+sc||T _ 2t)||+sc||-rT _1_ 2 Av|| for any v e C°°(D n U) and a > - 

This is a generalization of [UJ Lemma 2.6 in which the extra terms with power | do 
not occur. 

Proof. We have 

l(- r )zr ff T v\\ 2 = ((-r) s+2(7 T 2a v,v) 

= -(d r (-r 1+2a+s )T 2(7 v,v) 

= 2Re((-r) 1+2a+6 d r T 2a v,v) 

< lc\\{-r)iv\ 2 + sc\\(-r) 1+2 ^d r T 2 ^-2--2v\\ 2 

ill/ \ ^ li O ll ■ ^ ll Q ll -i & . .I q 

< Ic \\{-r)2v\\ + sc \\T zv + sc \\-rT 2 Av \\ , 
(*) 

where (*) follows from |llj (2.4) applied for 1 + 2a + | > 0. 

□ 
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In [TT] there is a result, Lemma 2.6, which applies to powers > -\ of -r; we need a 
variant, still for negative powers, for terms involving d r v. 

Lemma 3.2. We have 

(3.2) \\(-r) a d r T a v\\ < \\v\\ + \\rT- 1 Av\\ + ||T- 2 At>||, v e C°°(D nU), a > --. 
Proof. We have 

(d r (-r) 2 ° +1 d r T 2 °- 2 v,d r v) = -2Re([-r) 2 ° +1 d 2 T T 2 °- 2 v,d r v). 

Write d 2 = A + Tand r + Tan 2 ~ A + Td r + T 2 . For the three terms A, T 2 and Td r , we have 
the three relations below, respectively 

'(T- 2 Av, (-r) 2(7+1 T 2(7 d r v) < ||T- 2 Av|| 2 + \\v\\ 2 , 
((-r) 2,T+1 T 2a v,d r v) = ([-r) 2<7+l T 2(T+l v,d r T- l v) 

< \\v\\ 2 + \\-rT~ 1 Av\\ 2 , 
[{-r) 2tJ+l d r T 2(T - l v,d r v) = ((-r)* r+1 d r T& T+1 '>- 1 v,d r T- 1 v\ 

< \\v\\ 2 + j-rT^Avf, 

where the three inequalities come from Cauchy-Schwartz inequality combined with re- 
peated use of [11] (2.4) (always under the choice s = with the notations therein). Finally, 
we have to estimate the error term 

(3.3) [{r) 2a+l [A,T 2a ' 2 ]v,d r v). 

We express the commutator in (I3.3P as 

[A,T 2<T - 2 ] =T 2 *- 1 + d r T 2 °- 2 . 
Thus (13.31) splits into two terms to which the two inequalities below apply 

7(_ r )2<r+l T 2<x-y a \ = ((_ r )2-+l T (2a+l)-l^ T -l a ^ 

< |H| 2 + \-rT~ x Av\ 2 , 
((-r) 2a+l d r T 2r7 - 2 v,d r v) = U-rf^drT^v.T^drv) 

< \\v\\ 2 + \\-rT~ 1 Av\\ 2 . 



□ 



We are ready for the main technical tool in interchanging powers of -r and T. 
Proposition 3.3. We have 



(3.4) 



\T~2 V \\ < \\(-r)iv\\ + j-rT' 1 '^ Av\\ + \\(-r)2T~ 2 Av 
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Proof. We start from [TT] Lemma 2.11 

\\T-3v\\ < \\(-r 5 )3v\\ + || -rT _1 ~s Av|| 

j 

Now, the first and second terms in the right are good (in the right side of the estimate 
we wish to end with). As for the last, we have 

^{{-n^d^T-'v.i-rs^d^T^v) < |((-r 5 )l AT" 2 ?;, {-r 8 )*v)\ 
(3.5) j 

+ 2Y J \Re([(-rs) 5 ,d Z] ]d- Zj T- 1 v,T- 1 v)\. 

j 

The first term in the right is estimated by 

|((-r,5)f AT~ 2 t;,(-r 5 )it;)| < lc\\(-r)^ v \\ + sc\\(-r)l(d 2 + d r T + T 2 )T- 2 v\\ 

< Zc||(-7-)2t;|| + sc(\{-r) S 2T- 2 dlv\ + ||(-r)f d r T- x v\\ 

< lc\\(-r)*v\\ +sc(\\(-r)^T- 2 Av\\ + ||T—f v|| V 
The second term in the right of (13. 5p has the estimate 

| Re ([(-rs) S , d Zj ]T- l v : r _1 uj| < |((-r)- 1+<5+e T- 1+ i +e v, (-r)- £ T-i^)| 

V 

(0 

» ' 

(«) 

To estimate (i), we write -l + <5 + e = | + (-1 + | + e) = | + cr under the choice of e > \ - | 
so that -1 + | + e > -\. We then apply Lemma [3.11 and get the estimate of (i) 

{%) < lc\\(-r) S 2v\\ 2 + sc(\\T-^v\\ 2 + W-rT'^AvW). 

As for (ii) we have 

< sc(||T~iw|| 2 + ||-rT' 1 Av|| + ||T" 
+ lc(\\(-r)iv\ 2 + \\-rT~ 1 - 
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In fact, the term with lc in the last line comes from Lemma 13.11 applied for a = -1 + e 
(which requires e > |). The term with sc is estimated by the aid of Lemma IBTiZl 

< \\T-%v\\ + j-rT^Avj + |r _2 Ati||. 

□ 

We decompose now v = v^+v^ where «W is the harmonic extension and i>(°) := v-v^; 
note that i^^d = 0. We also recall the modification T of T defined by (12.71) and designed 
to preserve Dg*. 

Proposition 3.4. We have 

(3.6) \\[f s -^,8*]vW\\<\\(-r) S 2[f s ,d*]v (h )\\, veC°°(DnU). 

Remark 3.5. In turn, by (12. 8p . we have [T s ,<9*] = sQT s , and therefore (13 .6p implies 

(3.7) |[f s -i ,8*]vW\\ < s||(-r)3efV^||. 
Proof. In fact, Jacobi identity yields 

[f S ,8*] = -T S -f [f-2 ,8*]+f-2 [f S --2 ,8*] + [f S -~2 [fl,8*]]. 

It follows 

(3.8) f I [T s -1 , 8*] = [f s , 8*] + f s -l [f 1 , 8*] - [f s -~2 0, 8*]]. 

We apply f~2 to both sides of (13. 8p and use Proposition 13.31 The conclusion will follow 
once we are able to show that -rT _1_ 2[A, [T s ,<9*]] and (-r)2~T 2 [A,T s 8*] are error terms. 
In fact, we write 

[A,[f s ,8*]] = [dl + d r Tan + Tan 2 ,Tan s + d T Tan 3 - 1 ] 

= Tan 3 - 1 + d r Tan s < f s+1 + d r f s modulo S. 

It follows 

r \\-rT-^ [A,[f s ,8*]]vW\\ < \\-rT s -^v^\\ + \\-rdrT'- 1 -* v^\\ < IT^M^I, 

[TT] (2.4) 

' \\(-r)*T-*[A,[f',d*]]vW\\ < ||(-r)lT s - 1 v( /l )|| + ||(-r)§<9 r T s -W|| < fT 8 - 1 "^^) || . 

eh (2.4) 

□ 
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4. NON-SMOOTH PLURISUBHARMONIC DEFING FUNCTIONS 

Definition 4.1. We say that D has a Diederich-Fornaess index 5 = 6 s for < 5 < 1 which 
controls the commutators of 3 and d* with D s over forms in degree k > q, when there is 
r$ = gsr for gs e C°° , g$ + 0, such that 

-(- r s) s is Q'-plurisubharmonic, that is, the sum of the first 

(4.1) < q eigenvalues of dd(-(-r g ) 5 ) is non-negative 

Xl-$s)<£s,gi 

where £ s , g can be chosen so that E s>g < c\e~ C2S dmm2D sup or, alternatively, E s>g < 

-C2S diam 2 _Dsup(l+!rr) 

Related to the above notion, is the condition 

(4.2) 11 ' ~-^*-i' 2 

for 5<1. 



-r s )2<d* g uf < E St9 Q ^(u,u), 



Theorem 4.2. // D is q-pseudoconvex and has a Diederich-Fornaess index 5 = 5 S which 
controls the commutators of (d,d*) with D s in degree k>q, then is s -regular for k>q. 

Remark 4.3. The proof consists in showing that 114.1 ft implies H4.2I) (points (a) and (b) 
below) and then showing that (14. 2 p implies the conclusion. Note that, when 5 = 1, we have 
in fact the better conclusion contained in Theorem 12.41 

Proof. We decompose a form as u = u T + u u where u T and u v are the tangential and normal 
component respectively. We have 



(4.3) 



\u 



1/112 



\\d- Zi u%<Q{u,u) 



Q(u T ,u T ) < Q(u, u) + Q(u u ,u u ) 

< Q(u,u) + \\u u \\l 

< Q(u,u). 



Hence it suffices to prove (14. 2p . The same conclusion also applies to the decompositin 
u = v,( h ) + and, in general, to any decomposition in which either of the two terms is 
at ID. 

(a) We have 

i 

(4.4) \ddr 5 {u\dr 5 )\ < (1 - (-r s )-^dd(-(-r s ) 5 )(u T , w T ))'- 

To see it, we start from 

dd(-(-r 5 ) 5 ) = di-rsY^ddrs + (-r 5 ) 5 - 2 5(l - 5)dr ® dr. 
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In particular, 

OBrs = -A-n^ddi-i-nY) - (-r*)" 1 ^ - $)dr <2> dr. 
o 

We suppose that 8 is bounded away from and, indeed, that it approaches 1; thus we 
disregard it in the following. We have 

ddr s (u, dr 5 ) ~ (-r & ) 1 ^ 'dd(-(-r s ) s )(u, dr s ) - (-rs)~ l (l - 5)dr 5 <g> dr 5 (u, dr s ) 

i i 
<(-r 5 ) 1 - <5 (aa(-(-r 5 ) 5 )^,«))"((-r 5 )- 2+5 (l-5)|ar 5 | 2 + 0((-r 5 )- 1+ ' 5 ))" 

+ (I - 5)\dr 5 \ 2 (-r 5 y l \dr 5 ■ u\ 

i 

< ((1 - S)H-r s )-l + 0(-rs)^))(dd(-(r s y)( Ul u)f + (1 - 5)\dr 8 \\-r & y l \dr & ■ u\. 
Evaluation for u = u T , yields (I4.4H . 

(b) We prove now (14. 2 p using the basic estimates. Generally, these apply to smooth 
plurisubharmonic defining functions. However, in [TT], Kohn has a version for Holder 
continuous plurisubharmonic functions such as -(-rg) 5 . This implies the inequality (*) 
below 

||(-r 5 )ieX|| 2 - f (-rs) 8 ddr 5 (u T ,dr s ) ' *dV 

y J D 

(1-5) f dd(-(-rs) s )(u T ,u T )dV 

JD 



(4.5) 



< 

< (l-S)Q 4 (u T ,rO 

(*) 

This proves (14. 2p 

(c) We are therefore in the same situation as in Definition 12 . 1 1 apart from the term (-rs) 5 
which occurs in the integral in the left of (14.51) and in Q e. As above, we continue to 

write T but take in fact its positive microlocalization T + which represents the full action 
of A over u + . To carry on the proof, we suppose from now on that / € C°°(D) and that 
Bk is H s regular for some continuity constant c'; we prove that this implies continuity for 
a constant c which is solely related to the constants which occur in [?]. An exhaustion 
by domains endowed with fP-regular projections Bk, k > q, will be discussed only at the 
end. We start from (12. lip 

\\T s g ~ 2 Bfc-i/l < sc\\T^B k ^f\\ 2 + lc\\T s /if\\ 
(4.6) ~ 

+ lc\\[d\T s p]N k df\\. 
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At this point, we need to convert T g 2 into {-rs) 2 Tg in the last term of (14.61) in order 
to enjoy (14.21) . We also replace N k df by (N k df)^ where the supscript (h) denotes the 
harmonic extension. We apply the crucial estimate (I3.6P to the last term in (I4.6p . regard 
as errors the terms which come in (s - l)-norm or in which vector fields of S occur, and 
get 

(4.7) 

\\[8* ,f s g - 5 *](dN k f)W ^ |(_ r5 )l [f°,d*](dN k f)^\\ 2 

< s 2 \\(-r s )^Q;f 3 (dN k f)^\\ 2 + error 

< s 2 \\(-r 6 )?e* g f°(dN k f)W T \\ 2 + error 

< s 2 sup -^U-rs^Q^fHdNkfYl 2 + £<°) + error 

\g\ 2s 

< s % g sup^(g ( _ ra) , fs ((aA^/r,(aiv fc /r) 

+ I (-rs)* [d, f s ](BN k f) T 1 2 + I (-r s )l [8* , f s ] (dN k f) T || 2 ) + £<°> + error 

+ |K-r 5 )l[a,r s ]^ fe /|| 2 + ||(-r 5 )I[^,r s ]aiV- fc /|| 2 )+f( )+error 

< S 2 f s ^s U p ^-(iK-r^f r s a*aAT fc /|| 2 + CsS^K-r^f r s a^/|| 2 ) + + error 

< s 2 £ s , g supj^ rs (\\(-r 5 ) i 2T s d*dN k f\\ 2 + e 2 ° 2 3 diam2D c 2 s 2 \\(-r s f2T s 8*dN k f \\ 2 ) + £^ + error 

+ error, 

where we have used the notation := \\(-rs)^O g Tg (dN k f)^ T \\ 2 . Here in ( 14. ip we have 
chosen the first alternative s 2 £ s>g e C2S diam2D sup ^ j^^j < C\ = sc (for a new c^). (The other 

alternative £ Si9 e C2S diam Dsup ( 1+ 7sr < c\ = sc can be handled similarly as in Theorem 12.31 
without replacing T g by T. It is at this point, where the continuity of B k in H s , not just 
in C°°, is needed; in fact, in formula (I2.15P N tps is H s , not C°°, continuous. We have to 
reconvert now (-ra)s into T~5. We first suppose that we had started from /CO and wished 
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to prove the regularity for B k _if( h \ We have 

\\(-r s )^T s d*3N k (f ih) )\\ < \\T s -^d*dN k f( h) \\ + \\-rT s -?- 1 Ad*dN k f ih) \\. 



□J (2.4) 



(0 



Now, 



«<||T-I/W|| 2 + ||T-Is fc _ 1 /W| 



where the first term in the right is good and the second can be absorbed since it comes, 
inside (14. 7p . with sc. As for (ii), 

(ii) = \\-rT s -l- 1 (B*d + BB* )8*dN k fW \\ + error 
= W-rT 3 ^- 1 (3*8(38* + B*3)N k f w \\ + error 
= 1 -rT s i~ l 3* <9/ (/l) | + error. 



We have 



which implies 



It follows 



(4- 



[d*d = Tan 2 + d r Tan + d 2 ~ T 2 + d r T + d 2 , 
K d 2 = A + Tan 2 + d r Tan - A + T 2 + d T T, 



d*d ~T 2 + d r T + A. 

|_ r r*-!-ia*a/(A)| = U-rT'-f-^T 2 + <9 r T + A)f^\\ 

< |_ rrs -f+iyW| + ||_ r .r s -|^./W|| 

< |r»-f/W|, 
nn (2.4) 



which is good. As for the term /(°), the regularity of B k -if^ follows readily, without 
using the machinery (a)-(c) above, from elliptic regularity 



(4.9) 



|T*AW/ (0) ||<lT s - 2 / (0) ||- 



(Note that N k _i makes sense even for k - 1 = when acting on f^\bD = because □ is, 
under this restriction, invertible.) 

We pass to the term which has been omitted in the estimate of Q*, that is, £(°\ The 
use of elliptic regularity is different here and applies to (BN k f)( oS > instead of /(°); it then 
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+ error 



This is the same as (j4.7p with the advantage that in the last line the Sobolev indices have 
decreased by -1 since terms with superscript (0) vanish at bD; these are therefore error 
terms. Also there remain to control \\T~3Q*Tg{dNkf)^\\ and \\-r2Q*T^(dNkf) u \\; but 
these are controlled by elliptic regularity as in 1 14. 10p . Summarizing up, we have proved 
that for a suitable c, only related to the constants in 114.11) . we have 



if we knew that it holds for some d » c. We show now that we can exhaust D by domains 
Dp endowed with continuous projections Bk, k > q - 1 for some d and which inherit the 
assumption of Theorem 14.21 with uniform constants with respect to p. For this, we define 
D p - {z : r$(z) + p < 0}. We first notice that, bD p being also defined by -(-r^)* 5 + p 5 < 0, 
it has a smooth g-plurisubharmonic defining function. Hence, by Theorem 12 A\ is ir- 
regular for any k > q - 1. Coming back to the initial defining function + p, this satisfies 
dd{-(-rs - p) s ) > dd(-(-rs) s ', thus the Diederich-Fornaess index of D p is > 5. Also, if for 
the new boundary we rewrite r§ + p = gs, p rs, for a normalized equation r p of D p , and if 
£ s ,g,p are the constants which occur in 114.11) . then 



Thus, the estimate 114.111) passes from the -D p 's (in which it has been proved thanks to the 
regularity of the Bk (for a different c')) to the initial domain D. 
The proof is complete. 



(4.11) 



a fc /||,<c||/| a 




□ 



References 



[1] D.E. Barret — Behavior of the Bergman projection on the Diederich-Fornaess worm, Acta Math. 
168 (1992), 1-10 



18 



S. PINTON AND G. ZAMPIERI 



[2] H. P. Boas and E. J. Straube - Equivalence of regularity for the Bergman projection and the 

9-Neumann operator, Manuscripta Math. 67 (1990) 25-33. 
[3] H. P. Boas and E. J. Straube — Sobolev estimates for the 9-Neumann operator on domains 

in C™ admitting a defining function that is plurisubharmonic on the boundary, Math. Z. 206 (1) 

(1991) 81-88. 

[4] K. Diederich and J.E. Fornaess — Pseudoconvex domains: bounded strictly plurisubharmonic 

exhaustion functions, Invent. Math. 39 (1977), 129-141 
[5] P. Harrington — Global regularity for the 9-Neumann operator and bounded plurisubharmonic 

exhaustion functions, Preprint (2011) 
[6] A. K. Herbig and J. D. McNeal Regularity of the Bergman projection on forms and 

plurisubharmonicity conditions. Math. Ann. 336 (2006), 2 , 335-359. 
[7] T.V. Khanh — Global hypoellipticity of the Kohn-Laplacian □& on pseudoconvex CR manifolds, 

(2010) Preprint. 

[8] J.J. Kohn and L. Nirenberg — Non-coercive boundary value problems, Comm. Pure Appl. 

Math. 18 (1965), 443-492 
[9] J. J. Kohn — Global regularity for d on weakly pseudo-convex manifolds, Trans, of the A. M.S. 

181 (1973), 273-292. 

[10] J.J. Kohn — Subellipticity of the 9-Neumann problem on pseudoconvex domains: sufficient con- 
ditions, Acta Math. 142 (1979), 79-122 

[11] J.J. Kohn — Quantitative estimates for global regularity, Analysis and geometry in several com- 
plex variables, Trend Math. Birkhduser Boston (1999), 97-128 

[12] S. Krantz and M. Peloso — Analysis and geometry on worm domains, J. Geom. Anal. 18 
(2008), 478-510 

[13] E. Straube — A sufficient condition for global regularity of the 9-Neumann operator, Adv. in 

Math. 217 (2008), 1072-1095 
[14] E. Straube — Lectures on the L 2 -Sobolev theory of the 9-Neumann problem, ESI Led. in Math. 

and Physics (2010) 

DlPARTIMENTO DI MATEMATICA, UNIVERSItA DI PADOVA, VIA TRIESTE 63, 35121 PADOVA, ITALY 

E-mail address: pinton@math.unipd.it, zampieri@math.unipd.it 



